Abstract. Let R be a prime ring and 3 a derivation of R. It is shown that if 3"7 = (0) for some nonzero ideal / in R, then 3™/? = (0).
1. Introduction. Let Rbe a prime ring and 3 a nilpotent derivation of R (i.e. 3 is a derivation of R with dmR = (0) for some positive integer m). Recently [1, 2] , we have shown that the nilpotency of 3 must be odd if R is not of characteristic 2, but must be a power of 2 if R is of characteristic 2. It is also known (see [4, p. 7] ) that if 3/ = (0) for some nonzero one-sided ideal I in R, then öR = (0). A natural question therefore arises: If 3 is nilpotent on a nonzero one-sided ideal in R, is 3 necessarily nilpotent on R? If so, should the nilpotency of 3 on / equal the nilpotency of 3 on R? In answering these questions we shall first show a rather easy result: if 3"7 = (0) then 32m '/? = (0). Then using some techniques in [1] we shall prove our main result.
Theorem. Let R be a prime ring and I a nonzero two-sided ideal in R. Suppose 3 is a derivation of R such that b""I = (0). Then ömR = (0). This result can be used to improve the main result in [3] by replacing R by any nonzero ideal in R. There we study algebraic derivations (i.e. derivations satisfying an algebraic polynomial f(x)) and prove the following sharpened version of the well-known result of V. K. Kharchenko: An algebraic derivation of a prime ring of characteristic zero is an inner derivation in the generalized quotient ring Q(R) of R. Moreover, it is induced by an element a in Q(R) of the form a -2"=,a,e, + b, where b is nilpotent, {ex, e2,...,en) is a set of orthogonal idempotents, bei -e¡b, and the a/s axe certain roots off(x) in the center of Q(R).
A similar result of our present main theorem on Lie ideals of prime rings is also true. The latter result will appear in the dissertation of David W. Jensen of North Carolina State University.
2. Preliminary results. We shall require the following results. Proposition 1. Let 0 < i < t be integers and
(, + ,-1):
(II) //p M a« odd prime number, n < ' < 2« are integers, n = 2,j=0otjPJ, where a0, U.2.. Proof. Note that J = I + 3/ + • • • + 3m~ 7 is also a right ideal in R, dJ C J and 3 "7 = (0). Thus without loss of generality we may assume 3/ E I. Let a E I and x E R. By Leibniz' rule, 0 = dm(dm~,ax) = 3m_'a amx. Using this and Leibniz' rule again, we obtain 0 = dm(dm~2a dx) = dm~2a 3m+'x. Continuing this argument we finally reach the identity 0 = ad2m~]x for all a E I and x E R. Hence, by the primeness of R, d2m~]x = 0 for all x E R.
3. Proof of Theorem. As in the proof of Proposition 2, we may assume 3/ E I. Also we may assume m is the nilpotency of 3 on /, i.e. 3 "7 = (0) but 3m~ 7 ¥= (0). Suppose R is of characteristic 2. Then since / itself is a prime ring of characteristic 2, m -2k for some positive integer k, and 0 = 3'" is also a derivation of / with SI = (0). Consequently, OR = (0) or dmR = (0).
Thus throughout the balance of the proof we assume the characteristic p of R is either zero or an odd prime.
Suppose, to the contrary, the theorem were false. Let n be the least positive integer with respect to the property: There is a derivation 3 of R such that 32"+1iî = (0), d2"R + (0) but 327 = (0). Claim 3. // the characteristic p is not zero, then n -2,y=0ctjPJ, where 0 < ay < ( p -l)/2 are integers for j ~ 0, 1,2,... ,N and aN ¥= 0. We write 2n -1^=QßjpJ where 0 < ßj■< p axe integers for j' -0,1,2,... ,N and ßN ¥= 0. What we need to show is that ßj is even for each y. First, suppose ßN were odd. Then (ßN + l)pN would be even and > 2« and, moreover, 8 = dp would be a derivation of R with g^A/+1# = (0). Since the nilpotency of 8 is necessarily odd, it would imply 8ß»R = (0) or 8ß"p R = (0) and, hence, d2"R = (0), a contradiction. Thus ßN is even. Now suppose for some/, /3 were odd. We choose/ to be the largest one, i.e. ßJ+x, ßJ + 2,...,ßN are even and /?. is odd, where 0 <j < N. Then Then one can see easily that 37Ä = (0), d6R ¥= 0, / is a right ideal with 3/ E I, d4I = (0) and 33/ ¥= (0). From this one can see the nilpotency of a derivation on a one-sided ideal in a prime ring (or even a simple Artinian ring) need not be odd, and Proposition 2 concerning the nilpotency of 3 on R cannot be sharpened.
